One-step error correction for multipartite polarization entanglement* 
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We present two economical one-step error-correction protocols for multipartite polarization- 
entangled systems in a Greenberger-Horne-Zeilinger state. One uses spatial entanglement to correct 
errors in the polarization entanglement of an N-photon system, resorting to linear optical elements. 
The other uses frequency entanglement to correct errors in the polarization entanglement of an 
N-photon system. The parties in quantum communication can obtain a maximally entangled state 
from each N-photon system transmitted with one step in these two protocols, and both of their suc- 
cess probabilities are 100%, in principle. That is, they both work in a deterministic way, and they 
do not largely consume the less-entangled photon systems, which is far different from conventional 
multipartite entanglement purification schemes. These features may make these two protocols more 
useful for practical applications in long-distance quantum communication. 

PACS numbers: 03.67.Pp, 03.65.Ud, 03.67.Hk 
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I. INTRODUCTION 



Entanglement is an important quantum resource for 
quantum information processing \^. The powerful 
speedup of quantum computation resorts to multipartite 
entanglement. Long-distance quantum communication 
should resort to entanglement for setting up the quan- 
tum channel between remote locations, including quan- 
tum teleportation j2|, quantum key distribution (QKD) 
|j- [3, q uantum dense coding |8l-[l0| , quantum secret shar- 
ing [Ill4l3|. and so on. In a practical transmission, an 
entangled quantum system will inevitably interact with 
its environment, which will degrade the entanglement of 
the system. In general, the interaction will make an en- 
tangled system be in a mixed state. The decoherence 
of entanglement in quantum system will affect quantum 
communication largely. For example, it will decrease the 
security of a QKD protocol if a maximally entangled state 
transmitted over a noisy channel becomes a mixed entan- 
gled state as a vicious eavesdropper can exploit the de- 
coherence to hide her illegal action. The non-maximally 
entangled quantum channel will decrease the fidelity of 
quantum teleportation and quantum dense coding. 

Entanglement purification |14l - [23 | is an interesting tool 
for the parties in quantum communication to improve 
the fidelity of entangled quantum systems after they are 
transmitted over a practical channel. Its task is to ob- 
tain a subset of high-fidelity entangled quantum systems 
from a set of quantum systems in a mixed entangled 
state. In 1996, Bennett et al. [14;] proposed an origi- 
nal entanglement purification protocol (EPP) to purify 
a Werner state [23] , resorting to quantum controlled- not 
(CNOT) gates and bidirectional unitary operations. Sub- 
sequently, Deutsh et al. flS] improved this EPP with 
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two additional specific unitary operations. In 2001, Pan 
et al. [la] presented an EPP with linear optical ele- 
ments and an ideal entanglement source by sacrificing 
a half of the efficiency in the EPP by Bennett et al. 
However, this protocol decreases largely the difficulty 
for the implementation of EPP with current technology 
as it is impossible to construct a perfect CNOT gate 
based on linear optics. In 2002, Simon and Pan [13] 
proposed an EPP with a currently available parametric 
down-conversion (PDC) source, not an ideal single-pair 
entanglement source. This protocol exploits the spatial 
entanglement of a photon pair to purify its polarization 
entanglement. In 2003, Pan et al. [24J demonstrated this 
EPP in experiment. In 2008, an efficient EPP 18] based 
on a PDC source was proposed with cross-Kerr nonlin- 
earity. It has the same efficiency as the EPP by Bennett 
et al. with perfect CNOT gates. Moreover, it can be re- 
peated to get a high-fidelity entangled photon pairs from 
a practical entanglement source. However, the cross-Kerr 
nonlinearity is too small in nature, which increases the 
difficulty for the implementation of this EPP at present. 
In 2008, Xiao et al. [19|] proposed an EPP with frequency 
entanglement. 

Recently, the concept of deterministic entanglement 
purification was proposed 20] for two-photon entangled 
systems, which is far different from the conventional en- 
tanglement purification (CEPP) [lj-[l3 as the former 
works in a deterministic way, while the latter works in a 
probabilistic way. In 2010, we introduced a two-step de- 
terministic entanglement purification protocol (DEPP) 
[2 ft] for entangled photon pairs, resorting to hyerentan- 
glement. In this two-step DEPP, the spatial entangle- 
ment and the frequency entanglement of a quantum sys- 
tem are used to correct the bit-fiip error and the phase- 
flip error in this quantum system, respectively. With 
two error-correction processes, the two parties in quan- 
tum communication, say Alice and Bob, can obtain a 
maximally entangled state from each entangled system 
in theory. Certainly, it is difficult to implement this two- 



step DEPP in experiment at present as it requires the 
hyperentanglement of photon systems and a nonhnear 
optical interaction. Subsequently, we proposed an one- 
step DEPP \2V\ , resorting to the spatial entanglement of 
a practical PDC source and linear optical elements. With 
this one-step DEPP, Alice and Bob can in principle ob- 
tain a maximally entangled photon pair from each photon 
system with only one step. Simultaneously, Li 22] pre- 
sented independently an interesting DEPP using spatial 
entanglement, called it also an one-step DEPP as it has 
the same role as the one-step DEPP in Ref. [2l| although 
there are, in essence, some differences in explaining the 
principle of the detereministic entanglement purification. 
Although the physics in the one-step DEPP in Ref. [21| 
is more clear than that in Ref. [22], the one-step DEPP 
by Li is more economical than that in Ref. 21] as the 
former needs two polarizing beam splitters (PBSs), while 
the latter needs eight PBSs. 



In essence, each of all existing EPPs |14| - |22| can be 
considered as a quantum error-correction protocol. In 
CEPPs, the process for error correction is divided into 
two steps which are repeated some times for improving 
the fidelity of entanglement largely. One step is used to 
correct the bit-flip error and the other is used correct the 
phase-fiip error. That is, all the CEPPs 14-19] work in 
a probabilistic way for the correction of the errors in only 
one degree of freedom of photons. In DEPPs [20l - |22| . the 
error correction is completed with one step. That is, they 
work in a deterministic way, but they should resort to at 
least another degree of freedom of photons. 

By far, there have been several interesting EPPs [ij- 
I22I ] focusing on the bipartite entangled quantum systems, 
while the number of multipartite entanglement purifica- 
tion protocols (MEPP) |25l - [27| is very small as the struc- 
ture of a multipartite quantum system is more compli- 
cated than that of a bipartite quantum system. More- 
over, it is difficult to optimize a MEPP as its efficiency 
depends on a great number of parameters coming from 
the channel noise. In 1998, Murao et al. ^] proposed 
the first multipartite entanglement purification proto- 
col (MEPP) to purify multipartite quantum system in a 
Greenberger-Horne-Zeilinger (GHZ) with CNOT gates, 
following some ideas in the EPP by Bennett et al [IJj. 
In 2009, a MEPP based on cross-Kerr nonlinearities was 
proposed [2(| . In this protocol, the cross-Kerr nonlinear- 
ity is used to construct a nondestructive quantum non- 
demolition detector (QND) ^28^] which has the functions 
of both a parity-check detector and a single-photon de- 
tector. With QNDs, the parties can obtain some high- 
fidelity GHZ states from an ensemble in a mixed en- 
tangled state by performing this MEPP repeatedly. In 
2009, a multipartite electronic entanglement purification 
was proposed with charge detection [27]. All these three 
MEPPs work in a conventional way. That is, the par- 
ties can only obtain a subset of high-fidelity entangled 
states from an ensemble in a mixed less-entangled state 
by performing the MEPPs repeatedly and sacrificing a 
great deal of quantum resource. 



In this paper, we will present two economical one-step 
error-correction protocols for multipartite polarization- 
entangled systems in a GHZ state. The first one-step 
multipartite polarization entanglement error-correction 
protocol (MPEECP) is based on spatial entanglement 
and simple linear optical elements. The parties in quan- 
tum communication can obtain a maximally entangled 
state from each system polluted by the channel noise on 
the polarization degree of freedom. Also, the number of 
the linear optical elements in this protocol is reduced 
to be a minimal one. Moreover, this protocol works 
in a deterministic way, which is far different from the 
polarization entanglement purification protocol for two- 
photon system by using the spatial entanglement [l^ as 
the latter is used to improve the fidelity of an ensem- 
ble in a mixed entangled state by repeating the pro- 
tocol again and again. The second MPEECP uses the 
frequency entanglement to correct the errors in the po- 
larization entanglement of an A^-photon system and re- 
duces the number of the channels for the transmission 
of the system. The success probabilities of these two 
economical one-step MPEECPs are in principle 100%. 
Compared with the conventional multipartite entangle- 
ment purification protocols [2514271 ] . these two econom- 
ical one-step MPEECPs reduces the quantum resource 
consumed largely. These advantages maybe make these 
two MPEECPs more useful in practical applications in 
long-distance quantum communication in future. 



II. ECONOMIC ONE-STEP MPEECP WITH 
SPATIAL ENTANGLEMENT 

As shown by Simon and Pan [l3|, an entangled state 
of a photon pair in two degrees of freedom can be written 
as 
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where \H) and \V) represent the horizonal and the verti- 
cal polarizations of photons, respectively. The subscripts 
a and b represent the two photons sent to the two parties, 
say Alice and Bob, respectively, ai (61) and a2 (t'2) are 
the two spatial modes for the photon sent to Alice (Bob) . 
As the spatial entanglement is far more stable than the 
polarization entanglement over an optical-fiber channel, 
Simon and Pan |17| exploited the spatial entanglement 
of a photon pair coming from a PDC source to purify the 
polarization of a photon pair. By controlling the phase 
stability, the EPP by Simon and Pan can improve the 
fidelity of an ensemble in a mixed entangled state, as 
shown in the experiment by Pan et al. [2J] . 

The GHZ state of a multipartite entangled system 
composed of N two-level particles can be described as 

\<^+)n - -^i\HH ■■■H) + \VV--- V))ab-c- (2) 

Here the subscripts A, B, • • • , and C represent the 
photons sent to the parties Alice, Bob, • • • , and Char- 



lie, respectively. Certainly, there are other 2-^ — 1 
GHZ state for an iV-qubit system and can be writ- 
ten as |$+),y...fc = -i=(|ij---fc) + \ii---k))AB---c and 

\^~)T]-k = ■^{\ij ■ ■ ■ k) -\i~j ■ ■ ■k))AB-c ■ Here i,j, fee 
{0, 1}, 2 = 1 - i, J = 1 - j, and a; = 1 - A:. |0) = \H) and 
|1) = \V). An entangled state of an A^-photon system in 
the polarization and the spatial-mode degrees of freedom 
can be written as 



Here |0)s = ^(|ai)|6i) • • • |ci) -|- |a2)|&2) • • ■ |c2)) repre- 
sents the spatial entanglement of an A^-photon system. 
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FIG. 1: Schematic illustration for the principle of the present economic one-step multipartite polarization entanglement error- 
correction protocol using spatial entanglement. PBS represents a polarizing beam splitter and it is used to transfer a |_H") 
polarization photon and reflet a \V) polarization photon. HWP represents a half wave plate and it can convert \H) into \V), 
and \V) into \H). After the detection for each spatial mode, the parties in quantum communication can obtain a maximally 
entangled polarization state from each multi-photon system in a deterministic way in principle. 



The principle of the present economic one-step 
MPEECP using spatial entanglement is shown in Fig. 
[TJ Suppose that the original state of an A^-photon sys- 
tem is \^)s- After the photons suffer from the noise in 
the channels, the state of the system becomes 



P^ Pp- Ps 



(4) 



where pp and p^ represent the states of the multi-photon 
systems in the polarization and the spatial degrees of 
freedom, respectively, i.e., 

Ps^\^)s{(bl (5) 
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Here Fij...^ {Fjj...^) is the probability that the A^-photon 
system is in the state |$+)ij...fc (|$^)ij...fc) after it is 
transmitted over a noisy channel. That is, the mixed 
state shown in Eq.@ can be viewed as a probabilistic 
mixture of 2^ pure states. The system is in the state 
\^^)ii---k ■ \4')s or the state \'^~)ij...k ■ |0)s with the prob- 
abilities Fij...k and F-fj...^, respectively. 

Let us first discuss the case that the A^-photon 
system is in the state \^^)s = \4>)s ■ \^'^)ij---k = 
^(|ai_)h)---|ci) + |a2)|52)---|c2)) • -^{\^J ■ ■ ■ k) + 

lu ■ ■ ■ k))AB---c- After the setup shown in FigHJ the evo- 
lution of the state \^^)s can be described as 
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That is, the parties in quantum communication can de- 
termine the state of their iV-photon system by post- 
selection. If the photons emit from the outports 



or a^ 



lb',) 



|c'^) of the PBSs, the sys- 



tem is in the state -i^{\ij ■ ■ 



k) + \ij ■ ■ ■ k)). The par- 
ties can obtain the state |$"'")Ar = -j=^{\H H ■ ■ ■ H) + 

\VV ■ ■ ■V))ab---c with some unitary single-photon op- 
erations. For example, if the TV photons emit from 

the system is in the state 



the outports |ai)|6o) • • • |( 
^(|10...0) -f |01---l))^B...c 



1 {\V)\H)---\H) 



72 



|iJ)|F) • • • \V))ab---c and the parties can obtain the state 
-^{\H)\H) ■ ■ ■ \H) + \V)\V) ■ ■ ■ \V))ab-c with only abit- 



flip operation a^ 
A. 



\V){H\ + \H){V\ on the first qubit 



When the iV-photon system is in the state |$ 



Tfd^^'' 



\^-)^r■■k = ^(|ai>l&i>---|ci) + |a2)|62)---|c2))- 
^) ~ l*J ' ' ' k))AB---Ci one can obtain the similar 
result. After the setup shown in FiglU the evolution of 
the state |$~)c can be described as 
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The parties in quantum communication can also de- 
termine the state of their A^-photon system by post- 
selection on the spatial modes of the N photons. If 
the photons emit from the outports \a'i)\b'j) ■ ■ ■ \c'f.) or 
\a-^\b'-) ■ ■ ■ \c't) of the PBSs, the system is in the state 

-^{\ij---k) + \ij---k)). That is, the phase-flip error 
does not affect the result and the parties can obtain the 
state |$+)w = -^{{HH ■■■H) + \VV--- V))ab-c with 
some unitary single-photon operations. 



III. ECONOMIC ONE-STEP MPEECP WITH 
FREQUENCY ENTANGLEMENT 

Experimental results showed that the frequency of a 
photon is also far more stable than its polarization as 
previous experiments showed that the polarization en- 
tanglement is quite unsuitable for transmission over dis- 



tances of more than a few kilometers in an optical fiber 
171] . For example, Naik et al. [23| demonstrated the Ekert 
protocol [3] by only a few meters . Also, they observed 
the quantum bit error rate (QBER) increase to 33% in 
the exp eriment implementation of the six-state proto- 
col [30, [sll ■ For frequency coding |33 - l37| , for example, 
the Besancon group performed a key distribution over 
a 20-km single-mode optical fiber spool. They recorded 
a QBERopt contribution of approximately 4%, and esti- 
mated that 2% could be attributed to the transmission 
of the central frequency by the Fabry-Perot cavity [33] . 
That is, the parties in quantum communication can also 
exploit the frequency entanglement of a multipartite en- 
tangled system to correct the errors in its polarization 
entanglement, similar to the case with a spatial entangle- 
ment. In this way, the parties can obtain the maximally 
entangled state |<I'+)jv with less channels than that with 
spatial entanglement. 

An entangled state of an A^-photon system in both the 



polarization and the frequency degrees of freedom can be 
written as 



the channels, the state of the system becomes 
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where |wi) and \u)2) are the two frequency modes for pho- 
tons. \(l))f = ^(|a;i)|i:Ji) • • • |wi) + 1^2)1^2) • • • 11^2)) rep- 
resents the frequency entanglement of an A'^-photon sys- 
tem. 

The principle of the present economic one-step 
MPEECP using frequency entanglement is shown in Fig. 
[21 Suppose that the original state of an A^-photon sys- 
tem is |^)s. After the photons suffer from the noise in 
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Pp represents the density matrix in the polarization de- 
gree of freedom shown in Eq. ^. The mixed state 
shown in Eq. pTj) means that the system is in the state 
\'^^)ii---k ■ 10)/ or the state |$~)ij...fc • |0)/ with the prob- 



abilities Fj. 



.k and F70...f., respectively. 
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FIG. 2: Schematic illustration for the principle of the present economic one-step multipartite polarization entanglement error- 
correction protocol using frequency entanglement. WDM represents a polarization independent wavelength division multiplexer 
which will lead the photons to different spatial modes according to their frequencies. FS is a frequency shifter which is used to 
complete the frequency shift from uui to iU2. 
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Similar to the case with the spatial entanglement of an 
A^-photon system, if the system is in the state |^^)s = 
10)/ • l*+)^j-fc = 7f (K)|wi) • • • 1^1) + |w2)|a;2) • • • 1^2)) • 
\ij ■ ■ ■ k) + \ij ■ ■ ■ k))AB---Ci after the setup shown in 
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Figl21 the evolution of the state |^+)s can be described 
as 
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That is, the parties in quantum communication can de- single-photon operations, 
termine the state of their TV-photon system by postselec- 
tion on the spatial modes of the photons. If the photons 



emit from the outports \a[)\b'^) ■ ■ ■ |cj.) or 10^)16'-) • • • |c^.) 
of the PBSs, the system is in the state -y^{\ij ■ ■ ■ k) + 
'zj---fc)). The parties can obtain the state |$''")Ar = 
\HH ■ ■ ■ H) + \VV ■ ■ ■V))ab---c with some unitary 



When the A^-photon system is in the state \'^ 



1 

V2 



)f 



T75(ly' 



\^-),j-k = ^(|wi)|wi) • • • |cJi) + |CJ2)|W2) • • • \^2)) ■ 

—/Kwi-j ■ ■ ■ k) — \ij • • • k))AB---c, one can obtain the similar 
result. After the setup shown in FiglJl the evolution of 
the state |^~)s can be described as 
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That is, the phase-flip error does not affect the result yet, 
as the same as the case with spatial entanglement. 



IV. DISCUSSION AND SUMMARY 

It is interesting to compare these two economic one- 
step MPEECPs with the conventional multipartite en- 
tanglement purification protocols (CMEPPs) in Refs.[25, 
[111. In Ref.[2i|, Murao et al. divided their CMEPP into 
two steps. One is used to purify the bit-flip errors and the 
other is used to purify the phase-flip errors, by resorting 
to CNOT gates. The parties in quantum communication 
can in principle improve the fldelity of an ensemble in 



a multipartite mixed entangled state by repeating these 
two steps again and again. The CMEPP in Ref.'gg is 
similar to that by Murao et al. but the CNOT gates are 
replaced with some parity-check detectors based on non- 
hnear optics. That is, the two existing CMEPPs [H, HI] 
for iV-photon systems can be used to improve the fidelity 
of an ensemble in a mixed entangled state and they works 
in a probabilistic way. In these two economic one-step 
MPEECPs, the parties can in principle obtain a maxi- 
mally entangled state from each system transmitted and 
they works in a completely deterministic way. On the 
other hand, the system after it is transmitted over a noisy 
channel in the CMEPPs [25|, [2^ should be in an entan- 
gled state in the polarization degree of freedom. In these 



two MPEECPs, they do not require the system to be en- 
tangled in the polarization degree of freedom but they 
require another degree of freedom of photons to keep the 
entanglement. 

In essence, these two MPEECPs exploit the entangle- 
ment transformation between two degrees of freedom, not 
that between two systems, to correct the errors in the 
polarization entanglement, which is different from the 
CMEPPs [2l[2^- In our two MPEECPs, the polariza- 
tion degree of freedom of an iV-photon system is polluted 
by the noisy channels. The noise may make the system 
be in a completely mixed state in the polarization degree 
of freedom. In our first MPEECP, the spatial entan- 
glement is kept as spatial entanglement is far more sta- 
ble than the polarization entanglement over an optical- 
fiber channel. So does the frequency entanglement in 
our second MPEECP. After the transmission over noisy 
channels, the parties transform the spatial entanglement 
into the polarization entanglement completely in our first 
MPEECP, by using some linear optical elements to re- 
move the noise effect on the polarization first, which is in 
principle different from the EPP using spatial entangle- 
ment for two-photon systems in Ref. |17| . In our second 
MPEECP, the parties first exploit WDMs to transform 
the frequency entanglement of an A^-photon system into 
its spatial entanglement. With FSs, the parties erase the 
distinguishability for the frequencies of their photons. In 
this way, the frequency entanglement is completely trans- 
formed into the spatial entanglement. The other pre- 
cesses are the same as the case in our first MPEECP. 
Our second MPEECP only exploits a fiber channel for 
each party, not two channels in our first MPEECP. The 
parties can obtain this economization on the number of 
channels but they should resort to some nonlinear ele- 
ments to complete this MPEECP. This is a tradoff be- 
tween our two MPEECPs. 



In summary, we have presented two economic one-step 
MPEECPs for an iV-photon system in a GHZ state. In 
our first MPEECP, the parties exploit the spatial entan- 
glement of an iV-photon system to correct the errors in 
its polarization entanglement with some linear optical el- 
ements. Moreover, this protocol works in a deterministic 
way, which is far different from the polarization entan- 
glement purification protocol for two-photon systems by 
using the spatial entanglement [I4I as the latter is used 
to improve the fidelity of an ensemble in a mixed entan- 
gled state by repeating the protocol again and again. In 
our second MPEECP, the parties exploit the frequency 
entanglement of an A^-photon system to correct the er- 
rors in its polarization entanglement, resorting to some 
nonlinear optical elements but reducing a fiber channel 
for each party. As both the spatial entanglement and 
the frequency entanglement of an A^-photon system are 
far more stable than the polarization entanglement over 
an optical-fiber channel, these two economic one-step 
MPEECPs will reduce a greet deal of quantum resource 
consumed as they both work in a deterministic way, not 
a probabilistic way. This advantage maybe make these 
two MPEECPs more useful in practical applications in 
long-distance quantum communication in future. 
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